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Abstract 

We introduce the class of split regular Horn-Lie color algebras as the natural 
generalization of split Lie color algebras. By developing techniques of connections 
of roots for this kind of algebras, we show that such a split regular Horn-Lie color 
algebra L is of the form L = U + Y %] with U a subspace of the abelian graded 

bl6A/- 

subalgebra H and any a well described ideal of L, satisfying [/jj],= 0 if 
[j] 7 ^ [k]. Under certain conditions, in the case of L being of maximal length, the 
simplicity of the algebra is characterized. 
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II 

1 Introduction 

The notion of Horn-Lie algebras was introduced by Hartwig, Larsson and Silvestrov 
to describe the g-deformation of the Witt and the Virasoro algebras [T]. Since then, 
many authors have studied Hom-type algebras [2H7]. The notion of Lie color algebras was 
introduced as generalized Lie algebras in 1960 by Ree [8]. So far, many results of this kind 
of algebras have been considered in the frameworks of enveloping algebras, representations 
and related problems [SHn]. In particular. Yuan introduced the notion of Horn-Lie color 
algebras in [T2], which can be viewed as an extension of Horn-Lie (super)algebras to 
T-graded algebras, where T is any abelian group. 
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As is well-known, the class of the split algebras is specially related to addition qnan- 
tnm nnmbers, graded contractions and deformations. For instance, for a physical system 
which displays a symmetry of L, it is interesting to know in detail the strnctnre of the split 
decomposition becanse its roots can be seen as certain eigenvalnes which are the additive 
qnantnm nnmbers characterizing the state of snch system. Determining the strnctnre of 
split algebras will become more and more meaningfnl in the area of research in mathemat¬ 
ical physics. Recently, in [T31 - 1T6] . the strnctnre of arbitrary split Lie algebras, arbitrary 
split Lie color algebras, arbitrary split Lie triple systems and arbitrary split regnlar Horn- 
Lie algebras have been determined by the techniques of connections of roots. The purpose 
of this paper is to consider the structure of split regular Horn-Lie color algebras by the 
techniques of connections of roots based on some work in [TTlfTB] . 

Throughout this paper, split regular Horn-Lie color algebras L are considered of 
arbitrary dimension and over an arbitrary base held K. This paper is organized as follows. 
In section 2, we establish the preliminaries on split regular Horn-Lie color algebras theory. 
In section 3, we show that such an arbitrary regular Horn-Lie color algebra L with a 
symmetric root system is of the form L = U + X][j]GA/~-^[i] with U a subspace of the 
abelian subalgebra H and any a well described ideal of L, satisfying /[*,]] = 0 if 
[j] 7 ^ [k]. In section 4, we show that under certain conditions, in the case of L being of 
maximal length, the simplicity of the algebra is characterized. 


2 Preliminaries 

First we recall the dehnitions of Lie color algebras and Horn-Lie color algebras. The 
following dehnition is well-known from the theory of graded algebra. 

Definition 2.1. [12] Let F be an abelian group. A hi-character on F is a map e : F x F —)■ 
IK \ {0} satisfying 

1. e{a, (3)e{(3, a) = 1, 

2. £(a,/S + 7) = £(a,/5)e(a,7), 

3. £(a + /l, 7 ) = £(a,7)e(/3,7), 
for all o, /3 ,7 G F. 

It is clear that e{a, 0) = ^(0, a) = 1 for any a G F, where 0 denotes the identity 
element of F. 

Definition 2.2. [TJ] Let L = (Bg^rLg be a T-graded K-vector space. For a nonzero 
homogeneous element n G L, denote by v the unique group element in F such that v ^ Ly, 
which will be called the homogeneous degree of v. We shall say that L is a Lie color 
algebra if it is endowed with a K-bilinear map [•, •] : L x L ^ L satisfying 

[n,w] = —e{v,w)[w,v], (Skew- symmetry) 

[n, [to,t]] = [[n,to],t] -|-e:(h, [n,f]], (Jacobi identity) 
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for all homogeneous elements v,w,t G L. 

Lie superalgebras are examples of Lie color algebras with L = Z 2 and e{i,j) = (—1)*-^, 
for any i,j G Z 2 . We also note that Lq is a Lie algebra. 

Definition 2.3. [ 12 ] A Hom-Lie color algebra is a quadruple {L, [■,■],(!), e) consisting 
of a T-graded space L, an even bilinear mapping [•,•]: L x L —>■ L, a homomorphism (f 
and a bi-character e on T satisfying 

[^^y] = -^{x,y)[y,x], 

e{z,x)[(j){x), [y,z]] + e{x,y)[(j){y), [z,x]] + e{y,z)[(j){z), [x,y]] = 0, 

for all homogeneous elements x,y,z ^ L, x,y,z denote the homogeneous degree ofx,y,z. 
When (j) furthermore is an algebra automorphism it is said that L is a regular Hom-Lie 
color algebra. 

Clearly Hom-Lie algebras and Lie color algebras are examples of Hom-Lie color alge¬ 
bras. 

Throughout this paper we will consider regular Hom-Lie color algebras L being of 
arbitrary dimension and arbitrary base held K. N denotes the set of all non-negative 
integers and Z denotes the set of all integers. 

For any a: G L, we consider the adjoint mapping ad^; : L —)■ L dehned by a.dx{z) = 
[x, z]. The usual regularity concepts will be understood in the graded sense. For instance, 
A subalgebra A of L is a graded subspace / = (Bg^r^g of L such that [A, A] C A and 
0(A) = A. A graded subspace / = (Bg<=rlg of L is called an ideal if [/, L] C / and 0(/) = I. 
A Hom-Lie color algebra L will be called simple if [L, L] ^ 0 and its only (graded) ideals 
are 0 and L. 

We introduce the concept of split regular Hom-Lie color algebra in an analogous 
way. We begin by considering a maximal abelian graded subalgebra H = (Bg^vHg among 
the abelian graded subalgebras of L. Observe that H is necessarily a maximal abelian 
subalgebra of L as the following lemma shows. 

Lemma 2.4. Let H = (Bgt^rHg be a maximal abelian graded subalgebra of a Hom-Lie 
color algebra L. Then H is a maximal abelian subalgebra of L. 

Proof. Consider an abelian subalgebra K oi L such that H G K. For any x & K 
we have [x^Hg] = 0 for each G F, and so by writing x = 'Yj^=iXgi with Xg^ G Lg^ for 
i = 1, • • • ,n, being Pi e T and Pi ^ gj if i 7 ^ j, we get by the grading [xg^,Hg] = 0. 
Hence, for any gi, i = 1, ■ ■ ■ n, we have (Hg. + 0 {(Bger\{gi}Hg) is an abelian graded 

subalgebra of L containing H and so Xg^ G Hg.. From here we get x G FT and then 
K = H. » » ^ 

Let us introduce the class of split algebras in the framework of regular Hom-Lie color 
algebras. Denote by iF = ©ggrFT^ a maximal abelian (graded) subalgebra, (MAGSA), of 
a regular Hom-Lie color algebra F. For a linear functional 

a : Ffo —t IK, 
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we define the root space of L (with respect to H) associated to a as the subspace 

La = {Va e L : [ho,Va] = a{ho)(j){va) for any ho e Ho}. 

The elements a : Hq ^ K satisfying Lq, 7 ^ 0 are called roots of L with respect to H. We 
denote A := {a G Hq \ { 0 } : La 7 ^ 0}. 

Definition 2.5. We say that L is a split regular Hom-Lie color algebra, with respect 
to H, if 

L = H (B (©aeA-ho,). 

We also say that A is the root system of L. 

Note that when 0 = Id, the split Lie color algebras become examples of split reg¬ 
ular Hom-Lie color algebras. Hence, the present paper extends the results in [15]. For 
convenience, the mappings 0 |h, : H ^ H will be denoted by 0 and 0“^ respectively. 

It is clear that the root space associated to the zero root Lo satisfies H C Lo- Con¬ 
versely, given any Vo G Lo we can write 

Vo = h<B (©r=iWj, 

where h E H and Uq. G Lq. for i = 1, • • ■ ,n, with Oj 7 ^ aj if i 7 ^ j. Hence 

0 = [ho,h(B (©”= 1 ^ 0 , 0 ] = (B^^iOii{ho)(j)(vai), 

for any ho G Hq. So taking into account the direct character of the sum and that a* 7 ^ 0 
give ns fo. = 0 for z = 1 , • • • , n. So Vo = h E H. Consequently, 

H = Lo. (2.1) 

Lemma 2.6. Let L = (Bg^rLg be a split Hom-Lie color algebra with corresponding root 
space decomposition L = H®{®a€kLa). If we denote by La,g = LaHLg, then the following 
assertions hold. 

1. La = <Bg^rLa,g for any a G A U {o}. 

2. Hg = Lo,g. In particular Ho = Log. 

3. Lo is a split Hom-Lie algebra, respect to Ho, with root space decomposition Lo = 
Ho © (©aeALc^o)- 


Proof. 1. By the F-grading of L we may express any Va G La, a G A U {o}, in the 
form Va = Va^gi + • • • + Va,g„ with Va^gi E Lg. for distinct gi, ■ ■ ■ , Pn ^ L. If ho E Hq then 
[ho,Va,gi\ = (y{ho)(j){va,gi) for z = 1, • • • , n. Hence La = (Bg^riLa H Lg) and we can write 
La = ®gerLa,g for any a G A U {o}. 

2. Consequence of Eq. fl2.ll) and item 1. 

3. We also have Lg = Hg © (©oeA-ho^g) for any G F. By considering = 0 we get 

Lq = Hq (B {(BaekLafl). Hence, the direct character of the sum and the fact that a 7 ^ 0 
for any a E A give ns that Hq is a MAS A of the Hom-Lie algebra Lq- Hence Lq is a split 
Hom-Lie algebra respect to Ho. □ 
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Lemma 2.7. For any a, (3 E KU {o}, the following assertions hold. 

1. (Z and (f) (Lq) (Z 

2. (Z 1 . 

Proof. 1. For /iq ^ write h^ = (j){ho). Then for all ho G i7o aiid Va E La, since 
[ho,Va\ = a{ho)(j){va), one has 

[/io,0(n„)] = (l){[ho,Va\) = a{ho)(j){(j){va)) = a(j)~^{ho)(j){(j){va)). 

Therefore we get 0(na) E La^-i and so (j){La) C La^-i. In a similar way, one gets 
0 (-^a) ^ La<j). 

2. For any ho G ifo; ^ La and vg G Lp, by denoting hg = (j){ho), by Hom-Jacobi 
identity, we have that 

[h'o, [Va,Vy]] = [[ho,Va\,(l){vg)] + ^(ho, [0(n„), [ho,Vg]] 

= [a{ho)(j){va),(j){vg)] + l3{ho)[(j){va),(j){vy)] 

= {a + l3){ho)(j){[va,Vi3]) 

= {a + (3)(j)~\ho)(j){[va,vy]). 

Therefore we get [va,Vj 3 ] E and so [T„,L^] C La^-i+y^-i. □ 

Lemma 2.8. If a E A then a(j)~^ E A for any z eTj. 

Proof. It is a conseqnence of Lemma [2.71 1. □ 

Definition 2.9. A root system A of a split Horn-Lie color algebra is called symmetric 
if it satisfies that a G A implies —a E A. 


3 Decompositions 

In the following, L denotes a split regnlar Horn-Lie color algebra with a symmetric 
root system A and L = H ® {®aeKLa) the corresponding root decomposition. Given a 
linear fnnctional a : iL —)■ K, we denote by —a : FT —)• K the element in H* dehned by 
(—a)(h) := —a{h) for all h E H. We begin by developing the techniques of connections 
of roots in this section. 

Definition 3.1. Let a and (3 be two nonzero roots. We shall say that a is connected to 
(3 if there exists Oi, • • • , G A such that 

1. If k = 1, then ai E : n G M} fl {±f3(j)~'^ : m E N}. If k > 2, then 

«! G : n G N}. 

2. ^ -j- 020 ^ ^ A, 

Oi0 ^ "1- 020 ^ T ex^ej) ^ G A, 
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Ol\(f) ^ ^ ~1“ 0^30 ^ "1“ 0^40 ^ G Aj 


Ol0 * + 020 * + 030 + • • • + Oj_|_i0 ^ G A, 


Oi0“^+^ + a2(j)~^~^‘^ + 030“*'+^ +- h ai(j)~^~^'^ + • • • + Ofc_i0“^ G A. 

3. Oi0“^+^+ O 20 “^’''^+ O30“^+^H-hOj0“^+*“^H-|-Ofc0“^ G {±00“™ : m G N}. 

We shall also say that {oi, • • • , o^} is a connection from a to (3. 

Observe that the case fc = 1 in Dehnition 13.11 is equivalent to the fact 0 = eo0^ for 
some z G Z and e G {±1}- 

Lemma 3.2. For any a E A, we have that is connected to acj)^'^ for every Zi,Z 2 G Z. 
We also have that is connected to —acj)^^ in case —o0^^ G A. 

Proof. This can be proved completely analogously to [m Lemmas 2.2], □ 

Lemma 3.3. Let {oi, • • • , Ofc} be a connection from a to 0. Then the following assertions 
hold. 

1. Suppose oi = a(j)~'^,n G N. Then for any r G M such that r > n, there exists a 

connection {oi, • • • , o^} from a to (3 such that oi = . 

2 . Suppose that oi = 600“™ in case k = 1 or 

Oi0“^+^ + 020“^"^^ + 030“^+^ H-h Ofc0“^ = el3(p~‘^ 

in case k > 2, with m G N and e G {±1}- Then for any r G N such that r > m, there 

exists a connection {oi, • • • , o^} from a to (3 such that Oi = e(3(f)~^ in case k = 1 or 

Oi0 + 020 + 030 + • ■ • + CUkCj) ^ = ef3(j) ^ 


in case k >2. 

Proof. This can be proved completely analogously to [m Lemmas 2.3]. □ 

Proposition 3.4. The relation ~ in A, defined by a ^ f3 if and only if a is connected to 
{3, is of equivalence. 

Proof. This can be proved completely analogously to [m Proposition 2.4]. □ 

For any o G A, we denote by 

Aa := {0 G A : 0 ~ o}. 

Clearly if 0 G Aq, then —0 G Aq, and, by Proposition 13.41 if 7 ^ Aq then Aq, n A.^ = 0. 
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Our next goal is to associate an adequate ideal of L to any Aq. For A^, a G A, 
we define 

:= spanK{[A;3,L_^] : /3 G A„}. 

Then Ha is the direct sum of 


L_p_g] C Hq 

/JeAa.ger 


and 


[-^/3,3’ ^-l3,g'] — ®3er\{0}-^3- 

P€.Aci', 

s.s'er.s+sVo 


We also dehne 

hAcK * ®/3€Aa 

Finally, we denote by Aa„ the following graded subspace of L, 


Aac Ha^ © Va^. 

Proposition 3.5. For any a G A, the linear subspace La^ is a subalgebra of L. 

Proof. First we have to check that Aa„ satishes [La^jAa^] C Aa„. Taking into 
account AT = Lq, we have 

[Aa^, Aa^] = [Ha^ © Va^,Ha^ © Va„] C [ATa^, 14^] + [Va„, AfA^] + ^i3,5&Ac [A/j, A^]. (3.2) 
Let us consider the first summand in 03.21) . Note that Ha^ is the direct sum of 

^ ^ [A/3,g5 L_p_g] C Hq C Lo 

l3&Ac,g& 


and 

[A/3,g, A_^^^/] C (Bg£r\{o}Hg C L^. 

/3gAck ; 

g.s'er.g+gVo 

Given /3 G Aq, we have [AfA„, A^] C A^^-i, being G Aq, by Lemma [23-2. Hence, 

(3.3) 


Similarly, we can also get 




(3.4) 


Consider now the third summand Hg^sGAa [A/?, Ls]. Given (3,6 E Aa such that [Ly, Ls] 4 Oj 
if 5 = —(3, then clearly = [Lp,L_p] C Ha^. Suppose that 6 4 ~P- Since 

[Lj 3 ,Ls] 4 0 together with Lemma 12.71 2 ensures that (3(j)~^ + 50“^ G A, we we have 
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that {/9, 5} is a connection from (3 to /3(j)~^ + The transitivity of ~ gives now that 

(3<p~^ + 50“^ G Aq, and so 

[Lp,Ls] C L^0 -i+5^-i C Va„. (3.5) 

From Eqs. fl3.2p - fl3.5h we conclude that [La„,Ta„] C L\^. 

Second, we have to verify that 0 (La„) = Ta„. But this is a direct consequence of 
Lemma [2.71 1 and Lemma [3.21 □ 

Proposition 3.6. If j 0 Aq, then [La„,La,^] = 0. 


Proof. We have 


[iA., iA,] = [Ha. ® n., -ffA, ® v'aJ c |i/A„, n,] + [n., -ffA,] + |n„, n,]. (3.6) 


Consider the above third summand [Va„,Va,^] and suppose that there exist 0 G Aq and 
rj G A.y such that [L^, Lr^] ^ 0. As necessarily (3 ^ —rj, then f3(j)~^ + G A. So 
{I3,r], —/3(j)~^} is a connection between f3 and p. By the transitivity of the connection 
relation we have 7 G Aq, a contradiction. Hence [L^, Lf\ = 0 and so 

[ 14 .,n,|= 0 . (3.7) 

Consider now the hrst summand Va.^] in fl3.6p and suppose there exist 0 G Aq and 

1 ] E A.y such that [[L^, L_^], 0(L^)] 7 ^ 0. Then 


[[Ll3,g, L-j3^g'], f^iLri)] 7 ^ 0 

for some g,g' G T. By Horn Jacobi identity, either 0(L^)] 7 ^ 0 or [L^g,0(L^)] 7 ^ 0 

and so [Va„, Va,^] 7 ^ 0 in any case, what contradicts Eq. fl3.7p . Hence 

[^a.,^aJ=0. 

Finally, we note that the same above argument shows 

[^A„i/Aj=0. 

By Eq. fl3.6h we conclude [La„,La,^] =0. □ 

Theorem 3.7. The following assertions hold. 

1. For any a E A, the Horn-Lie color subalgebra 

© 14^ 

of L associated to Aq is an ideal of L. 

2. If L is simple, then there exists a connection from a to f3 for any a,/3 E A and 









Proof. 1. Since [L\^,H] = [La^,Lo] C V[q,], taking into account Propositions 13.51 
and m we have 


[La^,L] — [La^,H © (©/3gA^L^) © (©^^Ac-^ 7 )] 

As we also have by Proposition 13.51 that = Laq) we conclude that La^, is an ideal 

of L. 

2. The simplicity of L implies La„ = L. From here, it is clear that Aq, = A and 

H = X]aeA[-^“’^ 

Theorem 3.8. For a vector space complement U of spanK{[La, a] : a G A} in FI, we 
have 

L = U + ^ I[a], 

[q;]^A/~ 

where any I[a] is one of the ideals of L described in Theorem \3. 1[ 1, satisfying [J[q], /[^j] = 0, 
whenever [a] 7 ^ [/9]. 

Proof. By Proposition 13.41 we can consider the quotient set A/ ~:= {[a] : a G A}, 
let us denote by I[a] ■= L\^. We have I[a] is well dehned and, by Theorem I3.7f l. an ideal 
of L. Therefore 

[a]GA/~ 

By applying Proposition 13.61 we also obtain [/[q,],/[^]] = 0 if [a] □ 

Definition 3.9. The annihilator of a Ftom-Lie color algebra L is the set Z(L) = {x G 
L ; [x, L] =0}. 

Corollary 3.10. IfZ{L) = 0 and [L, L] = L, then L is the direct sum of the ideals given 
in Theorem \3. 7 , 

L = ©[a]GA/~-f[a]- 

Proof. From [L,L] = L, it is clear that L = ©[Q-]eA/~-f[a]- Finally, the sum is direct 
because Z(L) = 0 and [I[a],I[/ 3 ]\ = 0 if [a] 7 ^ [/9]. □ 

4 The simplicity of split regular Horn-Lie color alge¬ 
bras of maximal length. 

In this section we focus on the simplicity of split regular Horn-Lie color algebras by 
centering our attention in those of maximal length. From now on char(]K)=0. 

Lemma 4.1. Let L = Ff (B (©aeA-ha) be a split regular Fbom-Lie color algebra. If I is an 
ideal of L then / = (/ fl FT) © (©agA(-f C La)). 
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Proof. We may view L = H (B (©aeA-^a) as a weight module respect to the split 
Horn-Lie color algebra Lq with maximal abelian subalgebra Hq, (see Lemma [221-3), in the 
natural way. The characteristic property of ideals gives us that / is a submodule of L. It 
is well-known that a submodule of a weight module is again a weight module. From here, 

/ is a weight module respect to Lq, (and Hq), and so / = (/ fl if) © (©aGA(-f Fl La)). □ 

Taking into account the above lemma, observe that the grading of I and Lemma IT^ I 
let us write 

I = ®gerlg = ®g£r{ilg F Hg) © {(BaGAi^g F La,g)) ■ (4-8) 

Lemma 4.2. Let L be a split regular Hom-Lie color algebra with Z(L) = 0 and I an ideal 
ofL. IfIcH then I = {0}. 

Proof. Suppose there exists a nonzero ideal / of L such that I G H. We get 
[/, H] C [H, H] = 0. We also get [/, (Ba£ALo\ C I C H. Then taking into account 
H = Lo, we have [/, (BogaLo] C iL F {(BaGALa) = 0. From here / C Z(L) = 0, which is a 
contradiction. □ 

Let us introduce the concepts of root-multiplicativity and maximal length in the 
framework of split Hom-Lie color algebras, in a similar way to the ones for split Horn Lie 
algebras (see m)- For each G F, we denote by Ag := {a E A : La,g ^ 0}. 

Definition 4.3. We say that a split regular Hom-Lie color algebra L is root-multiplicative 
if given a G A^. and (3 G Ag., with gi, gj G F, such that a + /3 G A, then [La,gi, Ly^g^] ^ 0. 

Definition 4.4. We say that a split regular Hom-Lie color algebra L is of maximal 
length if for any a G Ag,g G F, we have dimL^a.K^ = 1 ^ ^ {4=1}- 

Observe that if L is of maximal lenth, then Eq. fl4.8p let us assert that given any 
nonzero ideal / of L then 


/ = ©gGr((4 F Hg) © {(BaGAiLa,g)). (4.9) 

where Ag := {a E A : Ig H La,g 7 ^ 0} for each g ET. 

Theorem 4.5. Let L he a split regular Hom-Lie color algebra of maximal length, root 
multiplicative and with 'L{L) = 0. Then L is simple if and only if it has all its nonzero 
roots connected and H = J^aGAi^a, L_a\. 

Proof. The hrst implication is Theorem 13.71 2. To prove the converse,consider I a 
nonzero ideal of L. By Lemma 14.21 and Eq. 04.91) we can write I = (Bg£r{ilg F Hg) © 
{(BaGAiLa,g)) with A^ C Ag for any g E T and some A^ 7 ^ 0. Hence, we may choose 
oo ^ A^ being so 

0 ^ L^g^g C /. (4.10) 

The fact 0(1) = I together with Lemma [2.71 1 allows us to assert that 

if a E Aj then : z E Z} C A/, (4-11) 
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that is 


{Lo^QfjyZ g . z G Z} (Z I. 


(4.12) 


Now, let us take any /3 G A satisfying /3 ^ {±q(o0^ : z E Zj. Since cxq and (3 are connected, 
we have a connection {71,72, •'' > 7fc}, k>2, from ckq to {3 satisfying: 

7i = for some n eN, and 

7i0“^ + 720“^ e A, 

7i0“^ + 720"^ + 730“^ e A, 


7i0 * + 720 * + 730 H-^ 7i+i0 ^ e A, 


7i0 + 720 + 730 H-1- 7i0 H-h 7fc-i0 ^ e A, 

7i0“^’''^ + 720“^’''^ + 730“^'*'^ + • • • + 710 “^’*'*“^ + • • • + 7a: 0~^ = £00“™ for some m E N 
and e G {±1}- 

Consider 71,72 and 71 + 72. Since 72 G A there exists (/i G F such that L^ 2 , 9 i 7^ 0- 
From here, the root-multiplicativity and maximal length of L show 0 7^ [L^-^^g, L^2,gi] = 
^(7i+72)0-h<?+)?ii and by Eq. (|4.12p 



for some g 2 E F. Following this process with the connection {71, • • • ,7^} we obtain that 


0 7 ^ L^^^-k+l_^_ry^f|,-k + l_^_ry^^-k + 2_^ - \-'yk<t>~^ ,93 ^ ^ 


and so either 0 7^ Lp^-m g^ C / or 0 7^ L_p^-m g^ C I for some G F. That is, 

0 7^ L^p^-m g^ c / for some e G {±1}, some gs ET (4-13) 

and for any /3 E A. By Lemma [2.71 1. we can get 


0 7^ L^p^g^ C / for some e G {±1}, some gs ET (4-14) 

and for any 0 G A. 

Taking into account H = the grading of L gives us 


[L^^g, L_^_g]. 

7eA,3er 

From here, there exists 7 G A and (74 G F such that 

[[L l,9ii ^- 1,-94 0(-^e/3,g3)] 7^ 0- 



-7,-94 


(4.15) 
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By the Horn Jacobi identity either 7 ^ 0 or [L_^_g^,(j){L^ 0 ^g^)] 7 ^ 0 and so 

-^ 70 ~^+e/? 0 ~^,^ 4+53 7“ ^ -^— 70 ~^+e/? 0 ~^,— 54+^3 7“ That is 

d 7“ ^K,'y(p~^-\-el3(p~‘^^K,g 4 +g^ ^ ^ (4.16) 

for some k G {±1}- Since e/3 G A^g we have by the maximal length of L that —e/3 G A_gg. 
By Eq. fl4.16p and the root-mnltiplicativity and maximal length of L we obtain 

0 7^ [TK-)-0-l+e^0-2^KC/4+g3;-h_£^(^-2 _gg] — Lf ^^^-2 i^g^ C /. (4.17) 

By Lemma [2.7f l. we can get 

Ln^,^g, C /. (4.18) 

Taking into acconnt Eq. fl4.17p and that Eq. 04.151) gives ns 

/3(/) 7 ^ 0, 

we have that for any (75 G T snch that L^p^g^ 7 ^ 0 necessarily 

d 7 ^ [[-^7,945 -^-7,-34], ^(Te^^gg)] = C / 

and so C /. That is, we can assert that 

Lep C / (4.19) 

for any /3 G A and some e G {±1}- Since H = -^-j] 

7/ C /. (4.20) 

Now, given any —e/3 G A, by the facts —e/3 7 ^ 0, 77 C / and the maximal length of L we 
have 

[77o,7:_,^]=7:_,^c7. (4.21) 

From Eqs. 04.19l) - 04.2ip we conclude that I = L. Consequently L is simple. □ 

Theorem 4.6. Let L be a split regular Hom-Lie color algebra of maximal length, root 
multiplicative and satisfying Z(L) = 0, [L, L] = L. Then L is the direct sum of the family 
of its minimal ideals, each one being a simple split regular Hom-Lie color algebra having 
all its nonzero roots connected. 

Proof. By corollary 13.101 L = ©[a]eA/~7[Q,] is the direct sum of the ideals I[a] = 
77a^ © V'A„ = (Xl/ 3 e[a][T/ 3 ,T_^]) © (©; 3 e[„]L^) having any 7[„] its root system, A„, with all 
of its roots connected. It is easy to check that A^ has all of its roots Aa-connected, 
(connected through roots in A^^). We also have that any of the 7 [q,] is root-multiplicative 
as consequence of the root-mnltiplicativity of L. Clearly 7 [q,] is of maximal length, and 
hnally (7[o,])=0, (where Z/j^j(7[„])) denotes the center of I[a] in I[a]), as consequence of 
[7[ci], 7[^]] = 0 if [a] 7 ^ [/3], fTheorem 13.81) . and Z{L) = 0. We can apply Theorem 14.51 to any 
I[a] SO as to conclude I[a\ is ssimple. It is clear that the decomposition L = ©[a]gA/~-^[a] 
satishes the assertions of the theorem. □ 
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